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1. The object of the present paper is to exhibit the processes of cal- 
culation of the values of the two solutions of the equation 

^ + I.^_/i+ , lY / = o a) 

dx 2 x dx \ x 2 / J .................. w , 

for successive values of x in the two cases of n = and n = 1 . 
That is if 

y = AI W (x) + BK 7l (a;) 

be the complete integral of (1), where K,i(x) is a function which 
becomes zero when x is indefinitely increased, our object is to calculate 
the values of I Q (x), I^x), K ($c), K 1 (a;) for successive equidistant values 
of x. 

The values of I (x) and I^sc) have been calculated and published uj 
a committee of the British Association for the Advancement of Science. 
To the best of the writer's knowledge, no steps have been taken 
towards the computation of K (cc) and K x (^). The Tables I and II, at 
the end of this paper, give the values of these latter functions for in- 
tervals of 0*1 in the argument, to such a large number of decimal 
places as will make it a mere matter of difference calculation to deter- 
mine intermediate values of K (a?) and K x (^) to any reasonable degree 
of accuracy, at any rate for values of x greater than unity ; and also by 

means of the sequence laws to derive those of K 2 (#), K 8 (a;) , as 

far as may be requisite. 

It will be convenient to state a number of well-known theorems in 
regard to the solution of (1). 

2. The function I n (x) is defined by the condition 

fx\ n+2r 

r - oo f <r j 

i n yX) = 2^ . • r • \" 1 } - 

r = II (r) II (n + r) 

For all values of n 

y = AI„(a;) (3) 

is a solution of (1), U{n) being the function defined by Gauss,* 

* ' Werke/ vol. 3, p. 145. 
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When n Is a positive Integer, a second solution is given by 

where 

An(x) = I» (a;) log 
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where S r denotes the series 1 + - + - -f . . . . . . + -. It is also necessary to 

2> 6 r 

assume zero as the value of the, in itself meaningless, symbol S . 

It is also known that if E represent the quantity 

g + r(i) 

the function El^a;) - A n (x) becomes indefinitely small as x increases 
indefinitely. Hence since in virtue of (3) and (4) 

y - B{M n (x)-A n (x)} 
Is obviously a solution of (1), it is allowable to write 

3. The three functions I, A, and K are all subject to the laws 



-y - {X L n ) — X lfl+l 

CIX 



clx 



> ( a )> 



(X n ±n) — % n J-n~l 



~s 



where l n is written for I n (x). These equations hold when either A or 
K is substituted for I. When n has the value zero, the two equations 
must be replaced by the single equation 



dip 

dx 



T 



or the same with A or K written for L 
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These laws give, for values of n not less than unity, 

2 "~~JZ ™ *n+l "+* J-n_l ! 

a; 



> 08)- 



They are known and will be quoted as the sequence laws. 
4. It can be shown that K n (x) is expressible in two ways in terms of 
a definite integral, namely, 

pm /x\ n f™ 2n ~" 1 

K,(x) = (-1)» 1^5(2) ] r^{f-l)—dp ... (7), 

K n (a ! ) = (-l)»-^ 7I Ji. - ' ^-^ (b). 



By puttings = 1 + ~ in (7), expanding the binomial and integrating 
the separate terms, another form can be obtained for K n (x), namely, 

T r / x / ,x /^V l\ ^ 2 -l (4?i 2 ~l)(4^-9) f 1 /q v 

w v ; \2xJ I 8a; 1*2 (8x) 2 J 

where the series within the bracket can be brought to a close at any 
point by means of a remainder term, which, after a certain point in the 
series, is always numerically less than the next term given by the 
general law of the series. 

5, It is now possible to explain the processes by which the Tables I 
and II at the end of this paper have been calculated. The series 
actually employed are, for the smaller values of x, the ultimately con- 
vergent series (6) ; and for larger values the series (9). 

In the calculation of the A functions, the natural logarithms of x 
are required. These the writer has taken from "Wolfram's table at the 
end of Vega's * Thesaurus Logarithmorum,' having, in the numbers up 
to 20 and for the prime numbers up to 59, verified them to 30 places 
of decimals by calculation. 

The quantity E has been derived from Gauss.* 

Using Gauss's notation 

Mz \ - HX!) _ r(*+i) 

it follows that E = log 8 + ^( - J) - log 2 + ^(0). 

* ' Werke/ vol. 3, p. 155. 
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From Wolfram's table, taking thirty-six places, 

log 2 - 0-693 147 180 559 945 309 417 232 121 458 176 568. 

The value of ^(0) is given in a note by Gauss as 

^(0) - -0-577 215 664 901 532 860 606 512 090 082 402 43L 

The algebraical sum of these is 

0-115 931 515 658 412 448 810 720 031 375 774 137, 

which is, therefore, the value of E to many more places than will be 
required. 

The quantity - 1// (0) is, of course, Euler's constant, and the above 
value is also to be derived from a paper by the late Professor J. C. 
Adams in the ' Proceedings of the Eoyal Society/ 

6. The calculations of I (x), I^a?), K ($), ^i( x ) are best carried on in 
connection with one another. We have 



K (x) - "^(^{^g^-Ej+j^jVflj 4 ^^ 



2 



• • • • 



+ [2j "{ri(3)p + 

K#) = -I 1 ( a! ){log ai -E}-Ui{(?) + (|) , s ^L 5 + 

The first process is to find the values of l (x) and I^x). 
If a series of quantities, /? , /3 13 /3 2i , /3 2r , far+i,------ be deter- 
mined by the successive relations 

far+1 = ^— [ * fart far+2 = ^frf . fazr+1, 

coupled with the condition. /3 = I, it is easily seen that 



T ~ co 



lor) ~" ro^ r Po + /^4 + * — ^ H2r, 

r = 



r = oo 



\{x) = /^ + /3 3 + /? 5 + = 2 ^+i. 



r=0 



Thus the successive terms of I (x) and !,_(#) are obtained by multiplying 
by a series of factors of the form \x\r + 1 ; the alternate terms when 
obtained are written down underneath one another, the odd ones in 
one column, the even ones in another, and by addition of each column 
the values of I (x) and I^x) are obtained. 

In working out the values of I Q (x) and I^x) given in Table I, all the 



Tables for the Solution of an Equation, 207 

multiplications by \x\r + 1 have been conducted in two different forms 
to avoid the possibility of mistakes. Thus, for instance, in working 
out I (5*2) and I 1 (5*2), the factor |^/8, or 2*6/8, can be used as it 
stands, or as -Jf, and also put into the form -J- + -§■. The adoption in all 
cases of two quite different processes is an almost infallible guide to the 
detection of a mistake. 

7. The values of I (oj) and I^x) being thus obtained, K (x) and K^x) 
can be derived. 

We have 

K (.) - - W{ log,-ER^ 

But = I (»)- 1 -{^2 + ^4 + ^6 + ft + '}• 

Adding 

K (x) = - ^o( x ){^°g #-E-l}-l + 

{/3 4 (S 2 -l) + ^(S 3 -l) + ft(S 4 -l) + ...}. 

It will be convenient to denote /^(Sv-l) by the symbol y 2 r. 
Hence 

k («) ^ ~io( aj ){ lo g a; " E ~ 1 }- 1 + {r4+r6+r8 + *} * •• (io) 

The value of I (sc) is known and that of log x can be found from 
Wolfram's Table. The quantities y 2r must be derived, each from the 
corresponding /3 2 r- 

For earlier values of y 2r the multiplier S r - 1 is most easily used in 
the natural form 

111 1 

For later values, it is simpler to use the decimalized values of B r ~ 1 
given in Table V. 

In using the primary form, many simplifications are possible, thus 
i + i =5 = io, and the multiplication is effected by shifting the decimal 
point one place to the right, and dividing by 12. 

Again, -| + 1 + £ = 1 + ^, 

i. iI + I + I = UJLj-1 - Ui„ i . 

2 + 3 + 4 + 5 1 + 12 + 5 ~ 1 + 3 20; 

lil i 1 1 

2 -T-g-f 6 — 1j 

1j-1-lJ__ — ' i _l i 

¥ T 5' T 10 — 2 ' 2 G"> 

and so on. In the computation of the values given in Table I, two 
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different processes for computing each y have been employed, so that 
any mistake is almost certain to have been detected. 

For the lower values of x a second process of calculating the values 
of j2r has been found from the obvious fact that if y\ r he the value of 
j2r when x becomes xjm } 

J2r 



J2r 



m 2r 



Thus the values of the quantities y for x = 2*6 can be deduced from 
those for x = 5*2 by a series of divisions by 2 or powers of 2. 

For the values of x from x — 3*1 upwards, this process was not 
available, but either two different transformations of the sum of the 
vulgar fractions, or one such transformation, and the decimalized value 
have been used in every case. 

Another process, which has been occasionally used, when the fraction 
\x\r + 1 happened to be in low terms, is based on the easily proved 
formula 

It only remains to multiply I (x) by (log x- E - 1) and, adding unity 
to this product, to subtract the sum from Ey. The lvalue of K (sc), 
which is always a positive quantity, is then obtained. 

8. The second function K 1 (oj) can be readily expressed in terms of 
quantities already found. 

For 

K l(x ) = - I^Qog x - E) - 1 + 1 { I + (|) 8 i^§) 

+ \2) S(2)n(3) + 

also 

o = i-lOb)- \2 + \^/n(T)ii(^ + ^^ 

adding 

1 x 
K-i(^) = - Ii(»)Gog 0-E-l)---j 

t2 l\2/ n(i)n(2) ^•"•* ,i \2/ n(r)n(r+i)^ ••**•• 

\2/ 11(1)11(2) 2 \2/ n(l)n(2) a? * P4 

/^\ 5 S 2 + S 3 -2 __ /aA 5 2(S 2 -1) + |- __ x 2 
\2/ 11(2)11(3) ~ \2/ * 11(2)11(3) ~~ 3 74 + aT a 



a?\ 5 S 2 + S 3 



} 



y 
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1 



' ? yn-i S, + S,. +1 - 2 / ? \ 2 ^^ 2(Sr l ^ + r+l 
2/ n(r)n(r + 1) ~ \2/ IL{r)IL(r + 1) 



a? 2 n 

-7-2r + "P2r+2 



r -f- 1 "' a? 



•«*•»»«• 



Hence 

K iW = -I^Xlog^-E-l)---! 
1 

+ -(/^ 4 + /3 6 + + /?2?*+2 + ) 

+ 2\^74 + i7o+ + 7TT 72i / 

= -I^Xloga-E-lJ-i-.J + ^IoC^-l-ft} 

«^ TC tv 

+ 1 { ^74 + "ha + +77i72»-+ } 

= - I^Xlog a,-E-l)-?-5 + ^ 

1/0 ' * 2 a: 

+ |{k 4 + i76+ +7~x72,+ } .... (11) 

The calculation therefore only involves two operations which entail 
much labour, namely, the multiplication of 1^$) by {log$ -E - 1} 
and the computation of the series. 

i 1 

¥74 + 176+ + 777-7^" + 



r+1 

9. The quantities given in Table I have been computed by these 
formulae. The multiplications of I (x) and I^x) by (log#- E - 1) 
have been worked, taking (log x - E - 1) as multiplicand, which saves 
a good deal of labour, as many of the lines of multiplication used in 
finding K (a;) occur again in finding K x (a;). In all cases the multiplications 
have been carried to several places further than are used, or given, in 
the final results. 

10. A process of verification has been applied to the values given in 
Table I, based on the following theorem. 

It is easy to show that if y = y x and y = y 2 be any two different 
solutions of the fundamental equation (1), 

%2 %l = A. 
^ dx j2 dx x 
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In the particular case of n = 0, y x and y 2 may have the values I G ( 
and K (x) respectively. Hence 

or, by means of the sequence laws, 



A 
I (o?)K 1 (o3) - K (aj)I 1 (a?) = 



a; 



Multiplying by x, and putting # = 0, it is easily seen that A = - 1, 
consequently for all values of x, 

I 
I (x) . K^t) - I^x) . K (x) = --. 

The writer has to thank his friend Captain Makgill, E.E., of Waiuku, 
Auckland, for verifying by this formula most of the results obtained 
before the writer left New Zealand. For the others he has had to rely 
on his own verification. 

The formula is an infallible indicator of any mistake in the values of 
A? or 72s? or in the process of multiplication of I (x) and l^x) into 
(log x - E - 1). It obviously will not indicate an erroneous value of 
this last quantity. The values of (log x - E - 1) have been all cal- 
culated in two different ways, so as to avoid the possibility of mistake, 
but in order to give the greatest security, a table of the values em- 
ployed is appended, and the writer hopes that if any mistake is 
detected, information of it may be sent to him, as it would be a very 
easy matter to supply the requisite correction to the values of K (#) 
and K x (a:). 

As a final test of the accuracy of the results, the differences of the 
column for K (sc) have been calculated up to those of the seventeenth 
order. Up to this point they present in each set of differences a series 
of regularly decreasing quantities. In the differences of the eighteenth 
order this ceases to be the case with regard to the quantities at the 
lower end of the column. This is due to the accumulation of the effect 
of residual error in the last figures of the column of values of K (a:). 
The differences of the seventeenth order at the lower end of the column 
are quantities consisting of fifteen ciphers followed by six significant 
figures. Now since 2 20 is greater than a million, it follows that a residual 
error of four-tenths of a unit in the last figure, in opposite directions 
in two consecutive values of K (sc) might possibly, after eighteen 
differentiations, produce an error of a unit in the sixth place from the 
end, consequently completely disorganise the sequence of the eighteenth 
differences which consist only of B.ve figures. That this has actually 
happened in this case the writer has shown by examining the effect of 
adding to the values of K (a;) given in Table I the three additional 
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figures, two of them certainly correct, which he has calculated. The 
differences at the lower end of the table then become regular up to 
the twentieth order. 

This process has not been applied to the K 1 (a?) column, because the 
writer believes that, granted K (#) correct, the verification formula 
above sufficiently proves the accuracy of K-^a;). The values of the 
quantities in Table I are believed to be correct to the last figure given. 
A dot after the last figure indicates that it has been increased by unity, 
the first figure omitted being equal to or greater than 5. 

11. Table II has been computed by means of the formula (9). 

The remainder after s terms in the series involves the integral — ■ 



\ 



gn+s- he~ z l 1 + ^~ ) dz "> 

\ " / 



where is some proper fraction. 

Now whatever n may be, after a time n-s-^ becomes negative. 
When s has reached such a value, inspection of (9) shows that the 
terms in the series thereafter are alternately positive and negative, 
inasmuch as a new negative factor is introduced in forming each suc- 
cessive coefficient. . It is also evident that, from and after that point 

f 9.?\ 2n ~ 2s ~ l . 
in the series, the quantity ( 1 + — ) a is numerically less than unity, 

and the remainder required at any point to give the value of K n ($) is 
numerically less than the next term in the series. 

Consequently, after the alternation of signs has begun, the sums of 
s* terms, (s + 1) terms, (s+ 2) terms, &c, will be a series of quantities 
alternately greater and less than the value of K^sc). As long as the 
terms of the series diminish, it is possible in this way to obtain a set 
of quantities, continually approaching one another, between alternate 
pairs of which K n (x) must lie. 

For the values n = 0, n = 1, (9) gives — > 

^° X " \2x) e ' L 1 "^ + 8T6^"~8"l6-2^ + '-- k '- J - K } 

t^/x /*"V-.J\ 3 3*5 , 3*5-21 1 /1QN 

K ^^ i^j 6 l 1 + 8^-^6^ + 8T^2S3-" ] -.( 13 ) 

12. In K («) the alternation of signs begins with the first term. 
Hence the sum of 1, 3, 5, ... terms is numerically greater than the 
value of K (aj), while the sum of 2, 4, 6, ... terms is less. 

The r+lth term is derived from the rth by multiplying by 

(2r - l) 2 /8ra. As long as this factor is less than unity, the r+ 1th term 

is less than the rth, and the terms continue to diminish. The r+ 1th 
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term is least when r has the largest value, which makes (2f - l) 2 less 
than 8rx. This gives r = q v where q is the integral part of 

Hence the nearest approach of the limits, within which (12) confines 
the value of K (#), is 

^\* l-9-25...(2g-l)» (u) 

2x) n(( Z )(8^ '••" v ; 

It is evident that as K (#) lies between the sum of q terms, and the 
sum of q + 1 terms, the mean of these two sums is as near an approxi- 
mation to the actual value of K (sc) as (12) will give. This mean 
cannot differ from K (x) by quite half the quantity (14). 

If x be an integer, the value of q is 2x ; thus, if x = 1 the third term 
is the smallest : when x — 5 the eleventh, when x = 8 the seventeenth, 
and so on. The limit of error, estimated by half the least term, is for 
8 = 1,0-0162; for x = 2, 0*0042 ; for x = 5, 0*000 000 022 ; and for 
larger values of x the limit becomes rapidly smaller. 

For values of x as great as, or greater than, five, K (#) can thus be 
determined with accuracy to seven or more places of decimals. 

Very similar statements can be made with respect to the determina- 
tion of K-^sc) from (13). 

13. From (12) 

K ° {X) " \2x) e r~8^ + 1-2(803)2 

The multipliers, disregarding the sign, by which the coefficients of the 
powers of x within the bracket are derived, each from the preceding, 
are 



2. JL 2. A i.-? 81 12_1 1_0_9 

8' 16"' 2 4' 3 2""' 4=0' "4 8' 56' 



Let these numbers be denoted by the symbols m v m 2 , m 3 , , and 

let {7rj2x) k e" x be called f3 . Then if a series of quantities yS 1 , /3 2 , /? 3 , , 

be derived by the successive relations 

/?! = m^ar 1 , /? 2 = m 2 /3 1 x'~\ /3 3 = m g (3 2 x~ 1 , ... (15) 

it is evident that 

= (& + & + & + )-(& + & + &+• ) 

The relations (15) are adapted to logarithmic computation. For the 
value of f3 two logarithms beside that of x are required. These are 

loge - 0-434 2944 819; 
■\i 



log(^) = 0-098 0599 325. 
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With the help of these and the logarithm of x, that of /3 can be easily 
ascertained, and then, if the logarithms of m v m 2 , m 8 , , be tabu- 
lated, it is easy to derive those of /3 V /3 2 , /3 3 , ...,.., in succession. 

The logarithms of m v m 2 , , as far as it has been necessary to 

use them in the construction of Table II, are given at the end of this 
paper in Table VI. 

14. In going through the calculation, it is, of course, useless to take 

the values of the quantities / 8 1 , /3 2 , , to a decimal place further 

than the last one which can be accurately obtained in fi . If ten-figure 
logarithms be used, ten significant figures can be ordinarily obtained 
with accuracy from the logarithm. Of this the writer has satisfied 
himself by working out the value of (ir/2x) h €~ x by elementary arith- 
metic and the exponential theorem, for one or two simple values of x, as 
x == 8, x = 11, and comparing the result so obtained with that derived 
from the logarithms. They always agree for ten places, sometimes for 
eleven, if account be taken of the second differences of the logarithms. 

It follows that for larger values of x, for which the smallest term in 
the series is less than 10~~ 10 /3 , the value of K (x) can be obtained with 
accuracy, probably for ten, and pretty certainly for nine significant 
figures. The tenth figure may be in error owing to the accumulation, 
in addition, of the errors in the last places of the quantities ft v fi 2 , , 

15.* Equation (13) gives 

The multipliers, disregarding sign, by which the coefficients of the 
successive powers of x within the bracket are derived, each from the 
preceding, are 

3 5 21 45 



8? 16? 24> 32' 



Let these be denoted by the symbols /x 1? /x 2 , /z 3 , , and let a series 

of quantities /3' v /3' 2 , /3' 3 , , be obtained from /3 by the successive 

relations 

Pi = /W" 1 ' P r 2 = A^'i*" 1 * Pz ^ hfivf 1 * ( 16 ) 

/3 having the same value as in Article (13). 
Then evidently 

K^)= -{/3 + /3' 1 -/3' 2 + /3' 8 -/3' 4+ } 

the summations being carried on, either until the smallest term of the 
series is reached, in the case of the lower values of x, or until a term is 
arrived at which is less than 10~ 10 /3 , which will happen first for larger 
values of x. 
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The relations (16) are adapted to logarithmic computation. The 
logarithms of fi v /x 2 , /x 3 , ... are given in Table VI. 

16. The verification of the values of K (a?), K^x) in Table II, can- 
not be conducted on the method applied to those in Table I, because 
the values of I (x), 1^) are wanting. 

A certain amount of check is given by the values of the four func- 
tions I , I 1? K , K 1? calculated for the integral values of x, by the 
former method, given in Table III. 

Two other checks, in addition to the useful one of performing all 
additions and multiplications in two different ways, have been applied 
throughout. 

The first depends on a very simple relation between the quantities 
§ r and /3 f r . 

It is easily seen, from the general formula for the r-hlth term in 
<9), that 

fir __ 3-5-21 {(2r~l) 2 - 4}. 

P ~ I 7 ^ 2 ...."" (2r-l) 2 ' 

which, since (2r - l) 2 - 4 = (2r + l)(2r - 3), easily reduces to 

(2r+l)/(2r-l). 



Thus 



P' r ~~ 2r - 1 ^ r " ^'v + 2r^T/ " """' 



When the quantities /3 and /3' have been calculated from, the 
logarithmic formulae, this result gives an easy method of verification. 
It detects any mistake in the computation of the logarithms, or in the 
derivation of the number from the logarithm. 

This formula leaves untouched the possibility of a mistake in the 
value of )3 . To check this another process has been used. 

17. If f(x) be any continuous function of x, whose differential coeffi- 
cients are also finite and continuous for the values of x considered, 
Taylor's Theorem gives 

h 2 
fix + h) = f(x) + hf(x) + n(2)/ J1 (^) + • 

Let u be the value of f(x) corresponding to any particular value x 
of x, and let u v u 2i u Bi ... denote the values of f(x + h), f(x + 2h), 
f(x + 3h), ... Similarly, let u__ v u_ 2 , u_ z ... denote f(x Q - h), f(x - 2h), 
j(x — 3h), . . . 

Then ^r 1 = ^o) + f / in (*o) + ^q/^o) + 

If h be so small that the terms of the series on the right hand not 
written down may be neglected, and the three terms written down be 
denoted by u, v, w, respectively, it follows that 
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11, — u, 
u + v + w = -^-^r — i = a say ; 



writing 2A for 7&, this gives 



« + 4^+16w = -^-rr- 1 = ft 



and putting 3/i for 7i 

% + 9«; + 81w = - 8 fi , ~ 3 = y. 

From these three equations u can be found in terms of a, /J, 7, and 
its value can be put into the convenient shape 

u = *-J(j8-a) + A<y-£) (18) 

From the sequence law it follows that 

Kj = dKJdx. 

Consequently, if values of K (sc) for seven equidistant values of a; be 
taken, the quantities a, /3, and 7 can be derived, and (18) ought to give 
a value of u equal to that of K-^x) for the middle value of x. This 
test has been freely applied throughout Table II with very satisfactory 
results. 

18. If the values of f(x + 4:h) and/(^ - iK) be taken into account, a 
still more stringent test is afforded. As before, let these quantities be 
denoted by u 4 and ^_ 4 . Let z be used to denote 



h* 



./^(a? ) and let ^-- 4 = 8. 



U(jy v 0/ 87* 

Then u+v+w+z = a, 

w + 4^+16^ + 256^ = ft 

^ + 9^ + 81^ + 729^ = 7, 

w+16tf + 256w + 4096s - S; 

whence it is not difficult to show that 

7 -/? S — 7 



u = a „W- a) +l^^ ....(19) 



5 35 



This can be used independently, or it can be made to yield a correc- 
tion to (18). In the latter case the quantity 

■nr(^" a ) + 7Tr( 5 -7)--nr(7-^) • ( 20 ) 

has to be subtracted from the value of u given by (18). 
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19. As an example, suppose the value of x Q is taken as 7*4. Table 
II gives 

«_ 4 - 0-000 424 795 741 

w_ 8 = 0-000 381 739 385 
u_ 2 = 0-000 343 079 156 
w_ x = 0-000 308 362 213 
u x = 0-000 249 177 616 
w 2 - 0-000 224 020 677 
u B = 0-000 201 420 050 
w 4 = 0-000 181 113 953 

whence, remembering that h = y^, it easily follows that, a minus sign 
being understood before all the numbers, 

* - 0-000 295 922 985 

/? = 0-000 297 646 197 

7 = 0-000 300 532 225 

8 = 0-000 304 602 235 
whence 

/?-« = 0*000 001 723 212 

y-j3 = 0-000 002 886 028 

8~y = 0-000 004 070 010 

Hence, using the formula (18), 

« - 0-000 295 922 985 

to- (r ~ J 8 ) = °* 000 00 ° 288 603 



0-000 296 211 588 
i(fi-a) - 0-000 000 861 606 

0-000 295 349 982 

The value in the table for K x (7-4) is 0-000 295 349 978. 
If we apply the correction (20), the above values give 

^(jG -a) = 000 000 172 321 
A( s ~7) H6 2S6 

288 607 



Correction - 000 000 000 004 

This has to be subtracted from the former value, and the result 
agrees exactly with the value of K x (7-4) in Table II. 

The agreement is not in all cases quite so exact as in this example, as 
may be expected from the necessary existence of more or less of error 
in the last figures taken into account. 
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A slight additional verification of the general accuracy of Table II 
has been gained by the calculation of the term -/3 for the values 8, 9, 
10, 11, and 12 by elementary arithmetic and the exponential theorem 
without the use of logarithms. 

The last figure of the quantities in Table II eannot be depended on 
for strict accuracy, in which respect the table differs from Table I. 

20. A farther extension of the formulae of Articles 17 and 18 has 
some interest. 

If, with the same notation extended, the quantity (% - w_ 5 )/10A be 
denoted by e, it is not difficult to prove that 

u = a -f(/3- a ) + f ( r -/?)-^ + l=| (21). 

This value of u can most easily be computed by subtracting 

e-8 



*(0-*) + ^(7-0) + A(*-7)-M7-£> 



126 



from the value of u given in (18). 

This farther correction is too small to be applied with any certainty 
to the values of K^x) derived r from K (a?) in Table II. Obviously 
however, all these formulae may be equally well applied to Table I, and 
throughout the range of that table, this formula deduces a value of 
K x (^) more accurate to one or two places than that given in (19). 

To give two examples ; one from the earlier part of the table. 

If x = 2-6 

Equation (18) gives - K^x) = 0'065 284 052 521 550 

(19) „ -K^a) = 0-065 284 044 927 362 

(21) „ -K x (4 - 0-065 284 045 062 511 

while the correct value is 0*065 284 045 058 531 

Again taking the largest value of x in Table I which admits of the 
application of (21), namely x = 5*5, 

Equation (18) gives -K^x) = 0*002 325 569 051 888 
(19) „ -K^) = 0-002 325 569 008 660 
(21) „ -K^a) = 0-002 325 569 008 850 

while the correct value is 0*002 325 569 008 849 005 

None of these formulae is sufficient for verification of the values in 
Table I to the last figure given. 
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Table I. 



X. 


IoOr). 


IiO)- 




0*1 


1 *002 501 562 934 095 601 400 


0*050 062 526 047 092 692 114* 




0-2 


1*010 025 027 795 145 835 263* 


0-100 500 834 028 125 115 768 




0*3 


1 *022 626 879 351 596 991 120 * 


*151 693 840 003 592 780 329 * 




0*4 


1 • 040 401 782 229 341 241 022 * 


0-204 026 755 733 570 596 281 




05 


1 *063 483 370 741 323 519 263 


0*257 894 305 390 896 316 362 




0*6 


1 -092 045 364 317 339 541 841 * 


-313 704 025 604 922 130 966 




0*7 


1 *126 303 018 306 809 198 051 * 


-371 879 677 777 008 654 743 * 




0-8 


1 *166 514 922 869 802 731 431 


-432 864 802 620 639 821 166 * 




0*9 


1 -212 985 165 728 684 317 724 * 


0*497 126 448 160 964 276 677 




1*0 


1 *266 065 877 752 008 335 598 


0*565 159 103 992 485 027 208* 




1-1 


1-326 160 183 712 652 485 589 


0*637 488 876 453 881 892 572* 




1-2 


1 *393 725 584 134 064 395 588 


0*714 677 941 552 643 086 231 




1-3 


1 *469 277 797 944 250 888 664 


-797 329 314 979 268 902 964 




1*4 


1 *553 395 099 731 216 509 982 * 


0*886 091 981 414 327 353 583* 


i 


1'5 


1 *646 723 189 772 890 844 876 


-981 666 428 577 907 585 652 




1-6 


1 *749 980 639 738 909 390 905 


1 '084 810 635 129 879 617 220 * 




1=7 


1 *863 964 962 073 839 671 192 


1 *196 346 565 634 482 268 430 * 




1-8 


1 -989 559 356 618 050 914 345 


1-317 167 230 391 898 987 579* 




1-9 


2 -127 740 194 053 887 856 891 


1 *448 244 373 054 8S8 953 884 * 




20 


2 *279 585 302 336 067 267 437 


1*590 636 854 637 329 063 382 




2*1 


2 *446 283 129 436 182 291 275 


1 -745 499 808 836 106 159 137 




2 '2 


2 -629 142 863 567 314 172 737 ' 


1-914 094 650 586 386 159 283 




2-3 


2 *829 605 600 627 585 665 907 


2 -097 800 027 517 421 476 844 * 




2'4 


3-049 256 657 989 413 844 196* 


2*298 123 812 543 222 324 570 




25 


3 *289 839 144 050 123 035 706 * 


2 *516 716 245 288 698 441 528 




2-6 


3 *553 268 904 243 671 659 925 * 


2-755 384 340 504 706 456 568 




2-7 


3 *841 650 976 595 934 202 977 


3-016 107 693 161 405 855 985 




2*8 


4 -157 297 703 500 820 202 310 


3 *301 055 822 635 087 581 928 




2*9 


4 -502 748 661 326 274 366 311 ' 


3 *612 607 212 436 907 736 703 • 




30 


4-880 792 585 865 024 085 611 


3 -953 370 217 402 609 396 479 * 




3*1 


5 *294 491 489 675 606 473 324 * 


4-326 206 027 313 598 387 154 




3*2 


5 '747 207 187 180 549 677 026 • 


4*734 253 894 709 620 419 983* 




3*3 


6 -242 630 465 183 028 963 790 


5 -180 958 855 355 928 605 292 




3*4 


6 *784 813 160 431 586 596 268 * 


5 -670 102 192 635 219 559 794 




3'5 


7*378 203 432 225 479 660 344* 


6-205 834 922 258 365 473 623* 




3'6 


8*027 684 547 054 009 945 933 


6*792 714 601 361 299 242 400 




3-7 


8 *738 617 524 169 395 584 970 


7*435 745 796 535 335 730 518* 




3*8 


9 *516 888 026 098 957 047 396 


8*140 424 578 907 955 806 110 




3*9 


10*368 957 916 732 943 985 764 


8-912 787 451 362 725 689 348* 




40 


11 *301 921 952 136 330 496 356 


9 -759 465 153 704 449 909 475 




4*1 


12*323 570 116 019 571 436 934* 


10 • 687 741 836 417 761 231 468 * 




4*2 


13 *442 456 163 297 646 200 379 


11*705 620 143 051 615 977 998* 




4*3 


14*667 972 991 845 562 465 006 


12 -821 892 795 648 573 301 862 




4*4 


16*010 435 524 946 996 723 558* 


14-046 221 337 533 105 734 577' 




45 


17 *481 171 855 609 276 043 133 


15 *389 222 753 735 923 892 694 ' 




4*6 


19 -092 623 479 519 459 002 267 


16 -862 564 761 976 656 391 871 




4*7 


20*858 455 526 644 462 400 770* 


18*479 070 647 133 100 245 291 




4*8 


22*793 677 993 105 797 960 124 


20 -252 834 600 238 559 989 488 * 




4'9 


24*914 779 075 837 756 060 699 


22 '199 348 620 092 491 190 354 * 




50 


27 '239 871 823 604 446 894 544 


24-335 642 142 450 527 199 143 




5*1 


29 *788 855 440 238 848 499 153 


26-680 435 679 477 119 089 197 




5*2 


32*583 592 710 613 699 532 308 


29 -254 309 881 798 348 760 365 




5*3 


35-648 105 168 113 101 763 145 


32 *079 891 578 297 025 753 268 




5*4 


39 -008 787 785 625 836 242 827 


35 -182 058 506 083 583 786 328 * 




55 


42 *694 645 151 847 784 559 282 


38-588 164 616 327 393 255 945* 




5-6 


46 *737 551 292 637 286 856 629 


42 *328 288 032 466 848 420 202 * 




5-7 


51 -172 535 515 159 998 128 205 


46 -435 503 947 521 351 864 819 




5*8 


56 *038 096 892 622 866 750 874 


50 -946 184 978 774 806 273 857 




5-9 


61-376 550 271 771 251 908 395 


55 -900 331 753 160 078 871 856 * 




60 


67 *234 406 976 477 975 326 188 


61 -341 936 777 640 237 861 329 
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Table I. 





K (a). 


-Kjfc). 


X. 




2 -427 069 024 702 016 612 519 • 


9 -853 844 780 870 606 134 849 • 


0-1 




1 -752 703 855 528 145 906 617 


4-775 972 543 220 472 248 750' 


0-2 




1 -372 460 060 544 297 376 645 • 


3-055 992 033 457 324 978 851* 


0-3 




1 -114 529 134 524 434 406 170 • 


2-184 354 424 732 687 379 723 


0-4 




-924 419 071 227 665 861 782 • 


1 -656 441 120 003 300 893 696 


0'5 




0*777 522 091 904 729 289 468* 


1 -302 834 939 763 502 176 671 


0-6 




0-660 519 859 915 101 548 740 


1-050 283 535 312 917 951 430 


0-7 




0*565 347 105 265 895 668 369 


-861 781 634 472 180 346 690 • 


0-8 




-486 730 308 162 900 521 582 • 


0-716 533 578 776 019 074 786 


0-9 




'421 024 438 240 708 333 336 • 


0-601 907 230 197 234 574 738* 


10 




0*365 602 391 543 185 880 566' 


0-509 760 027 167 027 048 822' 


1-1 




0-318 508 220 286 593 615 118' 


0-434 592 391 060 715 038 502* 


1-2 




-278 247 646 300 026 999 Oil 


-372 547 495 631 962 166 173 * 


1-3 




-243 655 061 181 541 893 927 • 


-320 835 902 229 875 750 946 • 


1-4 




-213 805 562 647 525 736 722 • 


-277 387 800 456 843 816 085 


1-5 




-187 954 751 969 332 325 059 


0-240 633 911 357 611 855 164* 


1-6 




0-165 496 318 056 996 539 364* 


-209 362 488 204 082 474 675 * 


1-7 




0-145 931 400 489 827 981 234 


-182 623 099 801 746 979 604 • 


1-8 




0-128 845 979 276 047 479 856* 


0-159 660 153 032 667 610 382 


1-9 




113 893 872 749 533 435 653' 


-139 865 881 816 522 427 285 * 


20 




0-100 783 740 889 966 945 812* 


-122 746 411 533 507 910 608 * 


2-1 




-089 269 005 671 601 745 130 • 


0-107 896 810 119 087 275 030* 


2-2 




0-079 139 933 002 093 626 828 


0-094 982 443 845 362 636 833 


2-3 




0-070 217 341 543 415 895 531 


-083 724 838 754 832 182 453 ' 


2*4 




-062 347 553 200 366 186 029 ' 


-073 890 816 347 747 063 649 • 


2"5 




0-055 398 303 286 321 951 484 


-065 284 045 058 531 495 000 


2-6 




-049 255 400 915 817 592 455 


-057 738 398 956 525 947 419 • 


2-7 




-043 819 981 975 498 528 903 


-051 112 685 607 272 438 995 


2-8 




-039 006 234 566 223 424 101 • 


-045 286 423 298 361 443 561 


2-9 




0-034 739 504 386 279 248 072 


0-040 156 431 128 194 184 377* 


30 




'030 954 708 038 041 442 502 • 


-035 634 054 949 617 493 670 


3-1 




-027 594 997 675 100 610 315 


-031 642 895 211 398 770 897 


3-2 




0-024 610 632 145 839 314 335' 


0-028 116 934 272 716 612 255' 


3-3 




-021 958 018 806 808 280 394 • 


-024 998 984 123 186 272 784 


3-4 




0-019 598 897 170 368 489 108" 


-022 239 392 925 923 833 739 ' 


35 




0-017 499 641 018 146 603 343 


0-019 794 962 019 720 617 134' 


3*6 




0-015 630 659 921 626 661 612 


-017 628 035 102 223 266 688 ' 


3-7 




013 965 884 534 245 617 659* 


0-015 705 729 078 473 492 808 * 


3-8 




-012 482 322 757 249 775 684 


-013 999 282 082 274 828 044 * 


3-9 




-Oil 159 676 085 853 024 270 • 


-012 483 498 887 268 431 470 


40 




0-009 980 007 227 840 242 646' 


Oil 136 277 633 479 931 554 


4 -1 




0-008 927 451 541 542 371 598 


-009 938 204 735 917 087 547 * 


4-2 




0-007 987 966 031 764 522 372 


0-008 872 207 188 591 397 612' 


4-3 




-007 149 110 623 307 253 932 • 


-007 923 253 361 445 598 749 * 


4-4 




0-006 399 857 243 233 975 046* 


0-007 078 091 908 968 089 693' 


4"5 




0-005 730 422 917 292 834 887 


0*006 325 043 644 264 015 020' 


4:6 




0-005 132 123 648 454 615 086* 


-005 653 778 240 030 826 704 


4-7 




0-004 597 246 316 724 657 899 


0-005 055 176 444 056 299 816' 


4-8 




0-004 118 936 235 515 888 790* 


004 521 169 177 299 838 509 


4-9 




-003 691 098 334 042 594 275 • 


-004 044 613 445 452 164 208 


50 




0-003 308 310 218 017 464 327* 


0-003 619 181 462 317 798 328' 


5-1 




002 965 745 601 029 581 462 


-003 239 263 773 089 456 376 


5-2 




0-002 659 106 803 389 557 342* 


-002 899 884 491 690 688 906 


5-3 




0-002 384 565 189 724 900 197 


-002 596 627 040 177 797 776 ' 


5-4 




0*002 138 708 565 950 287 432' 


0-002 325 569 008 849 005 155 


5"5 




-001 918 494 684 356 577 228 


-002 083 224 950 609 789 166 


5-6 




0*001 721 210 115 723 315 288 


001 866 496 088 311 830 924 


5-7 




0-001 544 433 842 281 102 204' 


-001 672 626 054 141 651 512 


5-8 




-001 386 005 007 304 947 106 • 


001 499 161 899 722 485 306 • 


5-9 




-001 243 994 328 013 123 085 


0-001 343 919 717 735 509 006* 


60 




VOL. LXIV. 
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Mr. W. Steadman Aldis. 
Table IV. 



*v» 


Logo*— -E — 1. 


X. 


0*1 


3*418 516 608 652 458 132 828 711 486 060 


0*1 


0-2 


2*725 369 428 092 512 823 411 479 364 602 


0*2 


0-3 


2*319 904 319 984 348 441 433 466 249 138 


0*3 


0*4 


2*032 222 247 532 567 513 994 247 243 H4 


0*4 


05 


1*809 °7 8 696 218 357 758 227 952 152 834 


0"5 


0-6 


1 '626 757 139 424 403 132 016 234 127 680 


0-6 


0-7 


1*472 606 459 597 144 827 723 35 8 74 2 6l 7 


0*7 


0*8 


1 "339 075 066 972 622 204 577 0x5 121 686 


0*8 


0-9 


1*221 292 031 316 238 750 038 221 012 216 


0*9 


1-0 


1*115 93i 5 X 5 6 5 8 4 12 44 8 8l ° 720 031 376 


1"0 


1 -1 


1*020 621 335 854 087 588 766 767 908 095 


1*1 


1*2 


°*933 609 958 864 457 822 599 002 006 222 


1*2 


1-3 


0*853 567 251 190 921 39 6 775 2*4 ©44 495 


1*3 


1-4 


°'779 459 2 79 °37 ^99 5 l8 306 126 621 159 


1*4 


1-5 


0*710 466 407 550 248 066 832 706 915 912 


1-5 


1-6 


0*645 927 886 412 676 895 159 783 000 228 


1*6 


1-7 


0*585 303 264 596 242 052 579 176 868 188 


1*7 


1-8 


0*528 144 850 756 293 440 620 988 890 758 


1*8 


1-9 


0*474 077 629 486 017 672 819 684 054 173 


1*9 


20 


0*422 784 335 098 467 139 393 487 909 918 


2"0 


2-1 


°*373 994 I 7° 9*9 °35 1 Z 6 3^8 113 505 694 


2 1 


2*2 


0*327 474 I $5 2 94 H* 2 79 349 535 786 637 


2*2 


2*3 


0*283 022 392 723 308 442 021 958 654 250 


2*3 


2*4 


0*240 462 778 304 512 513 181 769 884 763 


2*4 


2"5 


0*199 640 783 784 257 383 627 192 819 608 


2"5 


2*6 


0*160 420 070 630 976 087 35? 99 1 9 2 3 °37 


2*6 


2*7 


0*122 679 742 648 129 058 642 975 775 293 


2*7 


2*8 


0*086 312 098 477 254 208 8»8 894 499 701 


2*8 


2*9 


0*051 220 778 665 984 105 645 439 453 698 


2*9 


3-0 


0*017 319 226 990 302 757 4*5 474 794 454 


3*0 


3*1 


*015 470 595 832 688 113 100 452 838 482 


3*1 


3*2 


0-047 219 294 147 268 414 257 449 12L 230 


3*2 


3*3 


0*077 990 952 814 022 102 628 477 328 827 


3-3 


3*4 


0*107 843 915 963 703 256 838 055 253 271 


3*4 


3*5 


0-136 831 452 836 955 546 877 400 590 609 


35 


3*6 


0*165 002 329 803 651 868 796 243 230 701 


3*6 


3*7 


0*192 401 303 991 766 311 539 384 184 971 


3*7 


3-8 


-219 069 551 073 927 636 597 548 067 286 


3*8 


3-9 


*245 045 037 477 188 294 620 021 192 428 


3 9 


TC \J 


0*270 362 845 461 478 170 023 744 211 540 


4"0 


4*1 


0-295 055 458 051 849 671 038 051 886 977 


4*1 


4*2 


319 153 009 630 910 173 089 118 615 764 


4*2 


4 3 


0*342 683 507 041 104 290 644 131 027 286 


4-3 


4*4 


*365 673 025 265 803 030 067 696 334 821 


4*4 


4'5 


0-388 145 881 117 861 624 562 538 321 Oil 


4-5 


4*6 


0*410 124 787 836 636 867 395 273 467 208 


4*6 


4 7 


-431 630 993 057 600 453 992 239 183 712 


4*7 


4*8 


0*452 684 402 255 432 796 235 462 236 695 


4*8 


4*9 


0*473 303 689 458 168 477 381 994 000 826 


4*9 


5 


-493 506 396 775 687 925 790 039 301 850 


5"0 


5*1 


'513 309 024 071 867 638 816 068 368 736 


5*1 


5 *2 


*532 727 109 928 969 222 059 240 198 422 


5-2 


5*3 


0*551 775 304 899 663 70.1 315 757 652 969 


5*3 


5 *4 


-570 467 437 911 816 250 774 256 346 166 


5*4 


5"5 


0*588 816 576 580 012 785 833 991 425 131 


55 


5*6 


*606 835 082 082 691 100 528 337 621 758 


5*6 


5*7 


0*624 534 659 182 092 018 575 561 182 750 


5*7 


5*8 


0-641 926 401 893 961 203 771 792 667 760 


5-8 


5*9 


*659 020 835 253 261 317 787 338 887 660 


5-9 


6"0 


0*675 827 953 569 642 552 001 757 327 004 


6"0 



Old numeral type (518) in Tables IV and VI denotes negative quantities. 
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Table T. 




6 


1-450 


7 


1 '592 857 142 857 142 


8 


1*717 857 142 857 142 


9 


1 -828 968 253 968 253 


10 


1 -928 968 253 968 253 


11 


2 '019 877 344 877 344 


12 


2-103 210 678 210 678 


13 


2 -180 133 755 133 755 


14 


2'251 562 326 562 326 


1 15 


2 -318 228 993 228 993 


16 


2 -380 728 993 228 993 228 


17 


2 -439 552 522 639 757 934 875 580 


18 


2 -495 108 078 195 313 490 431 135 


19 


2 -547 739 657 142 681 911 483 766 


20 


2-597 739 657 142 681 911 483 766 


21 


2-645 358 704 761 729 530 531 385 


22 


2 690 813 250 216 274 985 076 839 


23 


2 -734 291 511 085 840 202 468 143 


24 


2 -775 958 177 752 506 869 134 809 


25 


2-815 958 177 752 506 869 134 809 


26 


2 -854 419 716 314 045 326 


27 


2 891 456 753 351 082 363 


28 


2 -927 171 039 065 368 077 



Table VI. 



"—•'■" - -■-- 

n. 


Log m n . 


l<tOgfA n . 


n. 


1 


i -096 9100 130 


i -574 0312 677 


1 


2 


i -750 1225 267 


i -494 8500 216 


2 


3 


0*017 7287 670 


i -942 0080 530 


3 


4 


0-185 0461 017 


-148 0625 355 


4 


5 


0-306 4250 276 


0-284 4307 339 


5 


6 


0-401 5441 329 


0-386 9446 243 


6 


7 


0-479 6986 776 


0-469 2959 172 


7 


8 


0-546 0025 441 


0-538 2122 997 


8 


9 


0-603 5653 464 


0*597 5123 636 


9 


10 


0*654 4172 149 


-649 5782 291 


10 


11 


0-699 9559 173 


-695 9987 648 


11 


12 


-741 1844 390 


-737 8880 704 


12 


13 


0-778 8466 780 


0-776 0582 609 


13 


14 


-813 5095 056 


0-811 1199 839 


14 


15 


0-845 6147 498 


-843 5442 120 


15 


16 


0-875 5134 181 


0-873 7019 682 


16 


17 


-903 4889 714 


0-901 8908 298 


17 


18 


0-929 7735 966 


928 3531 718 


18 


19 


0*954 5598 602 


0-953 2890 635 


19 


20 


-978 0092 314 


0-976 8655 981 


20 


21 


1 -000 2584 317 


-999 2237 809 


21 


22 


1 -021 4242 434 


1 -020 4837 027 


22 


23 


1 -041 6072 046 


1 -040 7484 905 


23 


24 


1 -060 8944 872 


1-060 1073 651 


24 


25 


1-079 3621 644 


1-078 6380 383 


25 



